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Abstract 

Retrieval of classical behaviour in quantum cosmology is usually 
discussed in the framework of minisuperspace models in the presence 
of scalar fields together with the inhomogeneous modes of gravitational 
or scalar fields. In this work we propose alternatively a model where 
the scalar field is replaced by a massive vector field with global U(l) 
or 50(3) internal symmetries. 



The emergence of the classical properties from the quantum mechanics 
formalism remains still essentially an open problem. Some progress has, 
however, been achieved through the so-called decoherence approach. On 
fairly general grounds, decoherence can be regarded as a procedure where 
one considers the system under study to be part of a more complex world and 
which interacts with other subsystems, usually referred to as "environment" . 
This interaction leads to the vanishing of the off-diagonal terms of the density 
matrix of the system suppressing in this way quantum interference. 

These ideas have been recently very much discussed in the context of min- 
isuperspace models in quantum cosmology (see JIJ and references therein). In 
the literature concerning the emergence of classical behaviour from quantum 
cosmological minisuperspace models it is most usual to consider as environ- 
ment the inhomogeneous modes either of the gravitational or of the scalar 
fields. We propose alternatively a model where the self-interacting scalar 
field is replaced by a massive vector field with U(l) or SO(3) global internal 
symmetries [1,3,4]. Preliminary work on the system with SO (3) non-Abelian 
global symmetry, whose classical cosmology has been studied in Ref. [0], 
shows that the ingredients necessary for the process of decoherence to take 
place are present ||.The system with U(l) global symmetry has been anal- 
ysed in Ref. £§]. Notice that the presence of a mass term is an essential fea- 
ture as this breaks the conformal symmetry of the spin-1 field action which 
leads to a Wheeler-DeWitt equation where gravitational and matter degrees 
of freedom decouple p. 

In this contribution, we overview the results of Ref. [1] on the decoherence 
process of homogeneous and isotropic metrics in the presence of massive 
vector fields with U(l) and SO (3) global symmetries. The main idea is that 
role of the environment is played by the inhomogeneous modes of the vector 
field. In the U(l) case the corresponding minisuperspace is one-dimensional 
as it has only a single "classical" degree of freedom as physical observable, 
the scale factor. The minisuperspace for the non-Abelian model is two- 
dimensional due to the specific Ansatz for the homogeneous modes of massive 
the spin-1 field [2]. 

The action of our model consists of a Proca field coupled with gravity [0]: 
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where k 2 = 8vr Mp 2 , M P being the Planck mass, e is a gauge coupling con- 
stant, m the mass of the Proca field and with hij(i,j = 1,2,3) being the 
induced metric on the three-dimensional boundary DM of M, h = det(hij) 
and K = is the trace of the second fundamental form on DM. 

In quantum cosmology one is concerned with spatially compact topologies 
and we shall consider the Friedmann- Robert son- Walker (FRW) ansatz for the 
Rx S 3 geometry 
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where a 2 = 2/3tt, r\ is the conformal time, N(rj) and a(t]) being the lapse 
function and the scale factor, respectively and uo l are left-invariant one-forms 
in 5*7(2) ~ S 3 . 

The massive vector field 



A = At^7 ah = Ata?^T ab , (3) 

where u™ denote the one-forms in a spherical basis with m = 0,±1, a™ 
denotes a 3 x 3 matrix and T ab are the 5*0(3) group generators, is expanded 
in spin-1 hyperspherical harmonics as |]|: 

Ml,**) = E a abJ M( V )T> J N M (g)T ab (4) 
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where a = e 2 /4n and x(v) a time- dependent scalar function. Aq is a scalar 
on each fixed time hypersurface, such that it can be expanded in scalar har- 
monics V J N M (g). The expansion of Ai is performed in terms of the spin-1 
spinor hyperspherical harmonics, \j^{g). Longitudinal and the transver- 
sal harmonics correspond to L = J and L — J = ±1, respectively. The 
rhs of eqs. @) and (H) correspond to a decomposition in homogeneous and 
inhomogeneous modes. For this decomposition we have used the Ansatz for 
the homogeneous modes of the vector field that is compatible with the FRW 
geometry as discussed in Ref. 0. 
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From action (|1|) one can work out the effective Hamiltonian density ob- 
tained from the substitution of the expansions To second order in the 
coefficients of the expansions and in all orders in a, one obtains the following 
effective Hamiltonian density for the system with SO (3) global symmetry 
(for the Abelian case one drops the last four terms) [|TJ: 
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where the canonical conjugate momenta of the dynamical variables are given 
by 
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£ eS denoting the effective Lagrangian density arising from (|1|) and the dots 
representing derivatives with respect to the conformal time. 

The Hamiltonian constraint, 7i eS = 0, gives origin to the Wheeler-DeWitt 
equation after promoting the canonical conjugate momenta (0),© into op- 
erators: 
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where in (||) the last substitution parametrizes the operator order ambi- 
guity with p being a real constant. The Wheeler-DeWitt equation is ob- 
tained imposing that the Hamiltonian operator annihilates the wave function 
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A solution of the Wheeler-DeWitt equation which corresponds to a clas- 
sical behaviour of its variables on some region of minisuperspace will have 
an oscillatory WKB form as 

* (n) [a, A,} = e iM r s ^C {n) (aW {n) (a, A M ) . (10) 

In order to make predictions concerning the behaviour of the scale factor, 
a, for the U(l) case one uses a coarse-grained description of the system 
working out the reduced density matrix associated to fllCf ) 

Pr = J2 e^ [s (") (ai) - s («')^)]C ( „ ) (a 1 )C ( „ (a 2 )Z n>n ,(a 2) a x ) , (11) 
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(12) 

The subindex (n) labels the WKB branches. The term X 7V , n '(a2, ai) contains 
the environment influence on the system. 

The decoherence process is successful when the non-diagonal terms (n ^ 
n') in ( |TTD are vanishingly small. Hence, there will be no quantum inter- 
ference between alternative histories if X n n / cx 5 n y. Once that is achieved 
one can analyse the correlations in each classical branch (n = n'). This can 
be performed looking at the reduced density matrix or the to corresponding 
Wigner functional: 

FwAn)(a, n a ) = f + °° rfA[S( n) (a 1 )% ) (a 2 )]^e- 2 ^ A e iM ^^)( ai )- s (")( a2 )]j n , n (a 2 , oi) 
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where A = ai 2 ° 2 . A correlation among variables will correspond to a strong 
peak about a classical trajectory in the phase space. The decoherence process 
is strictly necessary to achieve that as the Wigner function associated to (O) 
does not have a single sharp peak even for a WKB Wigner function as (|13|) ; 
such a peak (and a clearly classical WKB evolution) is found only among the 
n = n' terms. If the conditions to obtain an effective diagonalization of (|13|) 
are met then the interference between the different classical behaviours is also 
highly suppressed. Furthermore, Zn iTl /(a 2 , ai) will be damped for |a 2 — a\\ ^> 1 
and the reduced density matrix associated with (|13|) will be diagonal with 
respect to the variable a 
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As far as the non-Abelian case is concerned, correlations between each 
minisuperspace coordinate a and \ and their canonical momenta can be 
analysed by examining peaks in the reduced Wigner function 



(14) 



which is equivalent to 



F wl (q A , ir qi ) = exp e 11 n qi - M\ 
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where ir qi is the momentum conjugate to q A , A = 1. The so-called strong cor- 
relation condition which ensures that the Wigner function is sharply peaked, 
translates as 



(where WX is a typical value of the momentum along the trajectory). On 
its hand, the so-called strong decoherence condition which guarantees an 
effective diagonalization of the reduced density matrix, consists in 



Notice that in eqs. (0), (|15|) a sum over the S'0(3)-group indexes is implicit 
and that all modes have been taken into account. 

As a summary (see Refs. [1,3,4] for details), we conclude that a FRW 
quantum cosmological model with a massive vector field and global internal 
symmetry possesses interesting properties in what concerns the decoherence 
process. In the presence of a massive vector field with U(l) global symmetry, 
the scale factor is the only decohered quantity, while for the non-Abelian case 
with SO (3) global symmetry, the scale factor and the homogeneous mode x(t) 
are the expected decohered variables. 

As far as we restrict ourselves to expanding semiclassical solutions, the 
models we propose can be regarded to be essentially in the same footing 
to the ones where decoherence of the metric degrees of freedom is achieved 
via tracing out higher modes of self-interacting scalar fields. In this respect, 
the inhomogeneous modes of massive vector fields represent an interesting 
alternative to play the role of environment. However, interestingly, we find 
out that the strong decoherence condition, for the x-field (parametrizing the 
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non-Abelian massive vector field homogeneous modes), is not fully satisfied 
[!]• 
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